Abstract-Recent research into wind farm control promises the ability to create more densely populated wind farms and improved power production of existing wind farms by controlling for wake interactions between turbines. In this paper, a computationally efficient Discrete time Stochastic and Dynamic model (DStoDyn) is developed using of a wide sense stationary random variable with deterministic mean to model wind direction uncertainties in a wind farm. Comparisons to results obtained from the large eddy simulation software SOWFA show that general wake displacement trends may be represented by DStoDyn.
I. INTRODUCTION
In the United States, the Department of Energy has constructed a pathway for 20 % grid penetration from wind energy by the year 2030 [1] . Decreasing the cost of wind energy is key to increasing its penetration, which has thus sparked much research into increasing the efficiency of wind farms. When wind turbines are close together they begin to negatively affect power production of downwind turbines in the form of a velocity deficit or wake from upwind turbines. Opportunities exist for control to mitigate this negative interaction. It has been shown in [2] - [5] that wake redirection, which moves an upwind turbine's wake away from a downwind turbine, improves total wind farm energy capture. This research has lead to experiments on yaw based control also showing increases in average power and reduced loads [6] , [7] . It has also been shown that reducing the energy production of upwind turbines via axial induction based control can increase power production of a wind farm [5] , [8] . In wind tunnel experiments, a combination of axial based and yaw based control has also been shown to increase power production [9] , [10] .
Wind farm controllers can be categorized as data driven or model based. Many implementations of data driven controllers have shown promising results in steady state simulations, but more difficulties arise in turbulent conditions [9] - [11] . In more turbulent conditions, it may be difficult for data driven controllers to distinguish between changes due to a control input and the result of turbulence [12] . Model based wind farm controllers have shown success in large eddy simulations [13] - [15] and simplified turbulent models [16] - [19] , yet the performance is often limited by the model *This material is based upon work supported by Envision Energy. Any opinions, findings, and conclusions or recommendations expressed in this material are those of the author(s) and do not necessarily reflect the views of Envision Energy. kjohnson@mines.edu). Often when a turbulent model is used in the controller design, the computational power required to calculate the control input is too great to implement in real time.
Models that only consider known, steady state wind speed and direction may fail to provide optimal solutions in the presence of uncertain and time-varying wind direction. The effects of wake dynamics and wind direction uncertainty on power capture can be demonstrated using high fidelity modeling. Consider a wind farm consisting of two NREL 5 MW turbines [20] arranged so that the wake of the upwind turbine overlaps the rotor of the downwind turbine, as shown in Fig. 1 . This wind farm was modeled in the Simulator fOr Wind Farm Applications (SOWFA), a large eddy simulation implementing an actuator line model to represent the turbine when solving the three dimensional Navier-Stokes equations. During the SOWFA simulation the yaw angle of Turbine 1, the downwind turbine, is held constant at 15
• , while the yaw angle for Turbine 0 changes between 15
• or -4
• . Using a horizontal plane at the hub height of both turbines in the simulation, the position of the wake downwind of Turbine 0 can be determined. This is done by analyzing all the points 6 diameters downwind of Turbine 0 using an industry standard method of fitting a Gaussian shape to the measured wind speed. Fig. 2 shows the variation in power produced by Turbine 1 as a function of the variation in position of the wake produced by Turbine 0, where each point represents 10 s averages of power and wake displacements about their respective measured mean.
Using principal component analysis, the green line is drawn to indicate the axis representing the most variance. 2 shows that there is a correlation between changes in wake position and changes in power over the course of a simulation that cannot be modeled in steady state representations. Thus, the use of steady state tools may not be conducive to optimizing yaw based wake steering strategies in the case of time varying wind direction, which influences a turbine's wake displacement and downwind power production.
As a first step towards creating a controller robust to wind direction uncertainty, a Discrete time Stochastic and Dynamic (DStoDyn) model of the turbine wake is developed in this paper. DStoDyn utilizes an Auto-Regressive Moving Average (ARMA) model to represent the wind direction as a zero mean wide sense stationary process. DStoDyn then uses a combination of instantaneous wind direction and yaw misalignment, in the form of a misalignment impact term γ k i , at each Turbine i to calculate the wake center displacement downwind. Thus, downwind of Turbine 0, the wake center is displaced stochastically at each time step using a constant downwind velocity and a varying cross-wind velocity v k i , as seen in Fig. 1 . The main advantage of this model is the compact nature of the wake description, leading to an efficient model that facilitates real time execution of Monte Carlo simulations and differential dynamic programming for robust wind farm control. In this paper, the instantaneous misalignment impact term is modeled with an ARMA model with an exogenous input (ARMAX). ARMAX models allow for the characterization of the first two moments of a stochastic time series (instantaneous wind direction), but also allow for deterministic inputs (yaw misalignment) as the exogenous input. Using the cross-wind velocity, the wake displacement is calculated by DStoDyn and the wake is propagated downwind as described in Section II.
II. DSTODYN DESCRIPTION
To discretize the wake center points from each of N turbines in a wind farm in time, n tracking points will be used to represent the propagation of the wake from a single turbine. Tracking points denote the wake center and randomly travel in a cross-wind direction around the deterministic wake center-line, which is represented by the dotted line in Fig. 1 . At each time step, each tracking point propagates downwind at a constant speed (1 − a)Ū , where the axial induction factor a represents the slowing of the free stream wind speed near the turbine whereŪ is the free stream wind speed. Each tracking point contains a misalignment impact term γ k i ∈ R resulting from Turbine i in radians at time step k. Propagating tracking points downwind results in the wake center-line being a linear approximation of wake redirection, which allows for the model to be linear in state. The yaw misalignment, which is the control input u k i ∈ R, is a scalar representing the yaw misalignment of Turbine i. The vector u k ∈ R N is a vector combination of the yaw misalignments u k i .
A. Characterization of Wind Direction
To model the wind direction at each turbine as a wide sense stationary random process, the Python package statsmodels was used to determine a well defined ARMA model [21] . A general scalar ARMA(Q, K) model is given in (1) to describe the random variable z k ∈ R, where the autoregressive terms are denoted as φ m ∈ R and the moving average terms are denoted by θ ∈ R. It should be noted that the residuals, w k , are determined through the identification process and are Gaussian, w k ∼ N (0, σ resid ) where σ resid is the standard deviation of the residuals.
The misalignment impact term at each N turbines will be represented by an independent random process, thus the residuals are independent identically distributed (i.i.d.) Gaussian w k ∈ R N with covariance σ resid I ∈ R N ×N , and all the ARMA coefficients are scalars φ m , θ ∈ R. When considering all of the turbines at the same time, the random process results in a misalignment impact term γ k ∈ R N where each element of the misalignment impact term is modeled as an independent stationary variable that is linearly transformed into a random wake displacement. The value γ k represents the impact of instantaneous wind direction and the yaw misalignment u k on wake displacement. The nonlinear function g(u k ) models the deterministic effects that the yaw misalignment induces on the wake via the resulting thrust force from the wind turbine. To introduce the deterministic input g(u k ) into (1), an ARMAX model with first order exogenous input terms is utilized. Thus, the misalignment impact term γ k can be represented as an ARMAX of order (1, K, 1) shown in (2) .
Using the linearity of the expectation operator and the fact that γ k is stationary, the ARMAX random process has a mean of g(u k ). 
Beginning with (2), the expectation of γ k is given by (4) .
Combining (3) and (4) results in (5).
Plugging in (2) once for γ k−1 yields (6), and recursively plugging in (2) yields (7).
When g(u k ) is constant, γ k is a stationary ARMA model. For first order autoregressive processes, if the process is stationary then |φ 1 | < 1. Thus, lim m→∞ φ m 1 = 0 and (7) reduces to
Proposition 1 allows for the crosswind velocity to be modeled randomly with a known deterministic mean that is a function of the yaw misalignment u k . Compared to a steady state model without uncertainty, it is therefore possible to perform additional uncertainty quantification and robustness analysis.
B. Linear Approximation of Wake Position
The cross-wind component v k of the wind is dependent upon the misalignment impact term γ k as shown in (9) by introducing a model parameter β.
Using (9), a linear relationship between wind direction uncertainty and wake displacement can be derived from the principles outlined in [22] , which state that a linear transformation of a Gaussian random variable is still Gaussian and its mean and standard deviation can be determined analytically. Equation (10) relates the standard deviation of the wake displacement at six diameters downwind, σ wake , and the standard deviation of the cross-wind velocity measured at 
From the approximation (9), we obtain the linear relationship (11) , where β is a parameter that models the correlation between wake displacement and cross-wind velocity such that (9) holds and σ v = βσ γ .
Assuming Taylor's frozen turbulence hypothesis, each wake center point travels downwind at the same speed, (1 − a)Ū . A deterministic empirical linear relationship determined in the steady state model FLORIS [23] for the effect of angular momentum on wake deflection was represented using two tuning coefficients a d and b d . Using this empirical relationship and geometric transformations of the cross-wind velocity yields the expression for wake displacement y wake , where 6D is the distance downwind of the upwind turbine where the wake is being predicted.
Due to the low computational complexity of (13), the wake displacement at 6D downwind can be estimated efficiently.
To determine the form of the nonlinear function g(u k ), the steady state wake displacement empirically determined in [23] is analyzed. Fig. 3 shows the steady state wake displacement and the expected value of the wake displacement E[y wake ] = y wake (g(u k )) when g(u k ) = α 1 sin(α 2 u k ), where α 1 , α 2 are fitting parameters; it can be observed that the fit is very close. Fig. 3 also shows the region that y wake (g(·)) is invertible, indicated by the vertical lines. The invertibility of y wake (g(·)) and by extension g(·), will allow for the estimation of the uncertain yaw misalignment, thus the range of each element of g
The overall structure of the DStoDyn wake model is given in (14) , which is linear in state but contains the nonlinear function g(·) ∈ R N as the control input. The matrix A is the state transition matrix and each input g(u k ) and w k have corresponding matrices B u and B w describing their respective influences upon the system. The state of the system, x k , is a collection of the past control inputs, past residual values, and misalignment impact terms
It should be noted that this generalized structure allows for the modeling of general wind farm layouts but validation for large wind farms is outside of the scope of this paper. Also note that the state dynamics are invariant to mean wind direction if the wind turbines always track the mean wind direction. Additionally, the model scales linearly with the number of turbines, allowing for efficient modeling of large wind farms in future work.
III. VALIDATION
To validate the DStoDyn model, data saved from the large eddy simulation software SOWFA [24] is used to calculate the wind direction and wake center position characteristics. In the SOWFA simulation, there exist two 5MW turbines seven diameters apart, where the prevailing wind direction is 240
• clockwise from North (Fig. 1) . During the SOWFA simulation the yaw angle of Turbine 1, the downwind turbine, is held constant at 15
• . Three dimensional wind velocity was recorded along two planes in the SOWFA simulation. One plane was perpendicular to the ground and intersected both turbines, while the second was parallel to the ground and at the turbines' hub height of 90 m.
A. Calculation of Instantaneous Wind Direction in SOWFA
Instantaneous wind direction was determined by using the points within the swept volume of the turbine rotor and extending two meters upwind from each turbine. Using the Box-Jenkins method [25] , the relative order of the ARMA model, (Q, K), can be determined based upon the corresponding Auto-Correlation Function (ACF) and the Partial Auto-Correlation Function (PACF) of wind direction from SOWFA, both of which are shown in Fig. 4 . The order of the model is apparent because the ACF for an ARMA model of order (1, K) decays approximately exponentially, while the PACF is significant only at a lag of 0 s and 1 s, where the lag represents the time displacement between elements in the random process z k (1) for a given correlation. For the purposes of capturing the major characteristics of wind direction, only significant values in the PACF are considered. It is shown in Fig. 4b that values at 0 s and 1 s are at least four (a) Auto-correlation function describing the order of the moving average filter. For ARM A(1, K) , the ACF decays approximately exponentially.
(b) Partial auto-correlation function shows the order of the autoregressive filter. For ARM A(1, K) the PACF only has significant values, with magnitude 4 times that of any correlation, at a lag of 0s and 1s. Fig. 4 : The total order of the ARMA model can be determined by both ACF and PACF, where the lag represents the time displacement between elements in the random process for a given correlation. times greater in magnitude than the values of any subsequent correlations and are thus considered significant.
B. Calculation of Wake Displacement in SOWFA
To validate DStoDyn, the position of the wake must first be determined from the high-resolution SOWFA data. The wake position was computed using a set of all points within 0.5 m of a vertical plane located 6 diameters downwind from Turbine 0, as shown by the green circles in Fig. 5 . The wake position is then determined using a least-squares fit to a Gaussian shape as is commonly done in wind farm research. The wake displacement is then calculated by comparing the wake center position to the line that propagates downwind from the turbine, enabling comparison to DStoDyn's wake displacement calculations.
C. SOWFA and DStoDyn Comparison
Using the calculated wake displacement from SOWFA, time series comparisons of SOWFA and 150 simulations of • and -4
• . DStoDyn captures the general trends of the wake displacement simulated in SOWFA, but misses the outliers.
DStoDyn are displayed in Figures 6 and 7 .
To define the order of the ARMAX model (section II-A), various values of K were tested varying from K = 1 . . . 12.
Using the Akaike information criterion [26] to determine the model order that best describes wind direction at Turbine 0, an ARMAX model with order (1, 10, 1) is chosen. Figures 6  and 7 display the mean wake center displacement (corrected and uncorrected) and two standard deviations on either side (corrected) resulting from 150 DStodyn simulations compared to the SOWFA simulation. Overall, on a computer with an 8 core 3.5 GHz Intel Xeon processor, 150 simulations of 1000 s each takes 18 s.
When comparing DStoDyn estimates of wake center displacement and SOWFA data, it was found that there was an offset error associated with the linear approximations in time and space in (13) . To compensate, a separate experiment was run where DStoDyn was provided the wind direction for each turbine at each time step from SOWFA data and allowed to propagate the wake center points downwind. Comparisons between the DStoDyn estimates of wake position and SOWFA data allowed the determination of correction factors for the speed that each wake center point is propagated downwind and a d using convolution and linear least squares, respectively. The corrected DStoDyn output shown in Fig.  6 improves the accuracy of the estimate of the wake from Turbine 0, 6 diameters downwind from 30.1 RMS error to 29.0 RMS error.
It should be noted that the wake displacement in DStoDyn is a Gaussian random variable, so theoretically the SOWFA results should only be outside the shaded area 5 % of the time. It can be seen from Fig. 6 and 7 that there are elements of the wake displacement that are still not accurately captured, but most of the wake displacements can be found within two standard deviations of the mean DStoDyn result for Turbine 0. However, the wake displacement estimate of Turbine 1 is not as accurate, most likely due to turbulence induced by Turbine 0.
To further understand the statistical implications of this model, the estimated ACF is compared with the true ACF simulated in SOWFA of the first 150 s of the wake displacement of Turbine 0 in Fig. 8 from the same simulation used to produce Figures 6 and 7 . The first K seconds of the ACF reflect the coefficients of the moving average filter. Fig. 8 shows that there is a good comparison between the wake displacement and the estimate up to about 7 s, but it seems that there is a large amount of error at lags greater than K = 10 indicating that the ARMAX model could achieve a more accurate representation using a larger value of K. However, it should be noted from the PACF in Fig. 9 that modeling the wake displacement as an ARMAX model with order (1, K, 1) is a good approximation because only a lag of 0 s and 1 s has a significant value. Significant values in this case will be considered to be at least two times greater 
IV. CONCLUSIONS
In this research, an efficient stochastic wind turbine wake model DStoDyn was developed by integrating a stationary ARMA model with deterministic mean with a linear statespace model. DStoDyn uses concepts from linear transformations of Gaussian random variables and the steady state model FLORIS to construct a stochastic model that will eventually facilitate stochastic control methods for wind farm controllers using wake displacement techniques. The model was validated against the large eddy simulation model SOWFA, which showed that general trends may be predicted with the use of DStoDyn, though more work is needed to achieve the desired performance. Future work includes considering correlation between each turbine's misalignment impact term and the turbulence intensity downwind of the turbine to increase dynamic modeling accuracy of arrays of turbines. Afterwards, power production estimates can be validated and wind farm controllers developed.
